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STUDIES IN NONLINEAR MOTION
Final Report i
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As outlined in the original proposal, the objective of the research :
supported by this contract was to study certain problems relating to evolution
equations that are completely integrable. The problems identified in that
proposal were: T

(a) Defining the class of integrable evolution equations;
(b) Backlund transformations;

(c) Asymptotic behavior of solutions; and

(d) Optimal numerical procedures.

The research resulted in eight publications in the open literature, which are
listed in the References. (The subsequent discussion will refer to these
papers by their numbers in this 1ist.% These papers are related to the
original problems posed in the following way.

(a) Defining the class of integrable evolution equations. :

This aspect of the research program has been extremely successful. We
now know that there is a deep connection between partial (or ordinary)
differential equations that are completely integrable and ordinary
differential equations of Painlevée-type. Three years ago this connection had
only recently been discovered, and much of the work done under this contract :
has been aimed at discovering exactly what the connection is, and to what !
extent it can be exploited. (At least part of References 2-8 focus on this
connection in some way or other.) By now we have a strong practical knowledge
of what the connection is, and we have shown that it is a very effective tool
to identify both partial and ordinary differential equations that are
completely integrable (see References 2, 3, 5, 7, and 8). It may also be used
to obtain global information about the classical Painlevé transcendents
(References 3, 4, 6, and 8). We do not yet understand the connection well
enough to prove rigorously that it always exists. In fact, for ordinary
differential equations, we cannot even say why one should expect such a
connection. Work in this direction is continuing.
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(b) Backlund transformations.

One of"the original objectives of the research proposed was simply to
define a Backlund transformation precisely. This was accomplished and is the
basis of Section 3.1 in Reference 8 on Backlund transformations. In addition,
the very restricted range of the Miura transformation (perhaps the most famous
Backlund transformation) was pointed out in Reference 1.

(c) Asymptotic behavior of solutions.

The complete asymptotic behavior of three integrable partial differential
equations (KdV, mKdV, sine-Gordon) was given in Reference 4. Earlier analyses
of these problems that had been published were either incomplete (not
necessarily a serious objection), incorrect (more serious), or both.

The asymptotic behavior of the Toda lattice was never studied seriously.
That project became less important when we realized that the Toda lattice, or
any integrable lattice, has no interesting thermodynamic properties by itself.
For example, regardless of the motion of its masses, the thermodynamic
temperature in a single Toda lattice is always zero.

(d) Optimal numerical procedures.

Because of changes in personnel at A.R.A.P., no work on optimal numerical
procedures ever was initiated. Work on this problem has been initiated by a
graduate student of Mark Ablowitz at Clarkson College, and I have helped to
direct his study.

In the opinion of the Principal Investigator, the most important result
of this research has been the development and exploitation of the connection
between nonlinear evolution equations solvable by some Inverse Scattering
Transform (IST) and ordinary differential equations of Painlevé-type. This
connection provides a test (or series of tests) which a given evolution
equation must pass if it is solvable by IST. Being a necessary condition, it
complements the various sufficient conditions that already were known.
Independently, the connection also can be used to obtain global information
about the classical Painlevée transcendents. This information becomes
increasingly important as these equations are discovered more and more
frequently in models of physical problems.
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